Abstract. Compressions of Toeplitz operators to coinvariant subspaces of H 2 are called truncated Toeplitz operators. We study two questions related to these operators. The first, raised by Sarason, is whether boundedness of the operator implies the existence of a bounded symbol; the second is the Reproducing Kernel Thesis. We show that in general the answer to the first question is negative, and we exhibit some classes of spaces for which the answers to both questions are positive.
Introduction
Truncated Toeplitz operators on model spaces have been formally introduced by Sarason in [29] , although special cases have long ago appeared in literature, most notably as model operators for contractions with defect numbers one and for their commutant. They are naturally related to the classical Toeplitz and Hankel operators on the Hardy space. This is a new area of study, and it is remarkable that many simple questions remain still unsolved.
As a basic reference for their main properties, [29] is invaluable; further study can be found in [9, 10, 18] and in [30, Section 7] .
The truncated Toeplitz operators live on the model spaces K Θ . These are subspaces of H 2 (see Section 2 for precise definitions) that have attracted attention in the last decades; they are relevant in various subjects such as for instance spectral theory for general linear operators [26] , control theory [25] , and Nevanlinna domains connected to rational approximation [16] . Given a model space K Θ and a function ϕ ∈ L 2 , the truncated Toeplitz operator A Θ ϕ is defined on a dense subspace of K Θ as the compression to K Θ of multiplication by ϕ. The function ϕ is then called a symbol of the operator, and it is never uniquely defined.
In the particular case where ϕ ∈ L ∞ the operator A Θ ϕ is bounded. In view of wellknown facts about classical Toeplitz and Hankel operators, it is natural to ask whether the converse is true, that is, if a bounded truncated Toeplitz operator has necessarily a bounded symbol. This question has been posed in [29] , where it is noticed that it is nontrivial even for rank one operators. In the present paper we will provide a class of inner functions Θ for which there exist rank one truncated Toeplitz operators on K Θ without bounded symbols.
On the other hand, we obtain positive results for some basic examples of model spaces.
Therefore the situation is quite different from the classical Toeplitz and Hankel operators.
The other natural question that we address is the Reproducing Kernel Thesis for truncated Toeplitz operators. Recall that an operator on a reproducing kernel Hilbert space is said to satisfy the Reproducing Kernel Thesis (RKT) if its boundedness is determined by its behaviour on the reproducing kernels. This property has been studied for several classes of operators: Hankel and Toeplitz operators on the Hardy space of the unit disc [7, 21, 32] , Toeplitz operators on the Paley-Wiener space [31] , semicommutators of Toeplitz operators [26] , Hankel operators on the Bergman space [5, 20] , and Hankel operators on the Hardy space of the bidisk [17, 27] . It appears thus natural to ask the corresponding question for truncated Toeplitz operators. We will show that in this case it is more appropriate to assume the boundedness of the operator on the reproducing kernels as well as on a related "dual" family, and will discuss further its validity for certain model spaces.
The paper is organized as follows. The next two sections contain preliminary material concerning model spaces and truncated Toeplitz operators. Section 4 introduces the main two problems we are concerned with: existence of bounded symbols and the Reproducing Kernel Thesis. The counterexamples are presented in Section 5; in particular, Sarason's question on the general existence of bounded symbols is answered in the negative. Section 6 exhibits some classes of model spaces for which the answers to both questions are positive.
Finally, in Section 7 we present another class of well behaved truncated Toeplitz operators, namely operators with positive symbols.
Preliminaries on model spaces
Basic references for the content of this section are [15, 19] for general facts about Hardy spaces and [26] for model spaces and operators.
Hardy spaces. The Hardy space H
p of the unit disk D = {z ∈ C : |z| < 1} is the space of analytic functions f on D satisfying f p < +∞, where
The algebra of bounded analytic functions on D is denoted by H ∞ . We denote also
Alternatively, H p can be identified (via radial limits) with the subspace of functions f ∈ L p = L p (T) for whichf(n) = 0 for all n < 0. Here T denotes the unit circle with normalized Lebesgue measure m.
For any ϕ ∈ L ∞ , we denote by M ϕ f = ϕf the multiplication operator on L 2 ; we have
The Toeplitz and Hankel operators on H 2 are given by the formulas
where P + is the Riesz projection from L 2 onto H 2 and P − = I − P + is the orthogonal
In case where ϕ is analytic, T ϕ is just the restriction of M ϕ to H 2 . We have T * ϕ = Tφ and H * ϕ = P + MφP − ; we also denote S = T z the usual shift operator on H 2 .
Evaluations at points λ ∈ D are bounded functionals on H 2 and the corresponding reproducing kernel is k λ (z) = (1 −λz)
If ϕ ∈ H ∞ , then k λ is an eigenvector for T * ϕ , and T *
Model spaces. Suppose now Θ is an inner function, that is, a function in H
∞ whose radial limits are of modulus one almost everywhere on T. In what follows we consider only nonconstant inner functions. We define the corresponding shift-coinvariant subspace generated by Θ (also called model space) by the formula
We will be especially interested in the Hilbert case, that is, when p = 2. In this case we
; it is easy to see that K Θ is also given by
The orthogonal projection of L 2 onto K Θ is denoted by P Θ ; we have P Θ = P + − ΘP +Θ .
Since the Riesz projection P + acts boundedly on L p , 1 < p < ∞, this formula shows that P Θ can also be regarded as a bounded operator from
because another application of Lemma 2.2 yields zf 1 ϕ 1 ∈ K θ 2 . That proves that θf 1 ϕ 1 ∈ K Θ and thus ϕf ∈ K Θ . Since K Θ + K Θ is invariant under the conjugation, we obtain also the result forφf .
2.3. Angular derivatives and evaluation on the boundary. The inner function Θ is said to have an angular derivative in the sense of Carathéodory at ζ ∈ T if Θ and Θ ′ have a non-tangential limit at ζ and |Θ(ζ)| = 1. Then it is known [1] that evaluation at ζ is continuous on K Θ , and the function k
belongs to K Θ and is the corresponding reproducing kernel. Replacing λ by ζ in the formula (2.4) gives a functionk Θ ζ which also belongs to K Θ and ω(k
Moreover we have k
We denote by E(Θ) the set of points ζ ∈ T where Θ has an angular derivative in the sense of Carathéodory.
In [1] and [13] precise conditions are given for the inclusion of k
namely, if (a k ) are the zeros of Θ in D and σ is the singular measure on T corresponding to the singular part of Θ, then k Θ ζ ∈ L p if and only if (2.5)
We will use in the sequel the following easy result.
Lemma 2.4. Let 1 < p < +∞ and let Θ be an inner function. Then we have:
where
L p →L p is a constant which depends only on Θ and p. Also, if
and (2.6) holds for λ = ζ.
Proof. The proof of (a) is immediate using the definition. For the proof of (b) note that,
It remains to prove (c). We have k
Thus the result follows from the fact that P Θ is bounded on L p and from the trivial estimate
2.4. The continuous case. It is useful to remember the connection with the "continuous"
case, for which we refer to [15, 22] . If u(w) = w−i w+i , then u is a conformal homeomorphism of the Riemann sphere. It maps −i to ∞, ∞ to 1, R onto T and C + to D (here C + = {z ∈ C : Im z > 0}). The operator 
and inner functions in D into inner functions in C + . Now if Θ is an inner function in D, we have
is a constant of modulus one,
is the normalized reproducing kernel for K Θ , whilẽ
is the normalized difference quotient in K Θ .
Truncated Toeplitz operators
In [29] , D. Sarason studied the class of truncated Toeplitz operators which are defined as the compression of Toeplitz operators to coinvariant subspaces of H 2 .
Note first that we can extend the definitions of M ϕ , T ϕ , and H ϕ in Section 2 to the case when the symbol is only in L 2 instead of L ∞ , obtaining (possibly unbounded) densely defined operators. Then M ϕ and T ϕ are bounded if and only if ϕ ∈ L ∞ (and M ϕ = T ϕ = ϕ ∞ ), while H ϕ is bounded if and only if P − ϕ ∈ BMO (and H ϕ is equivalent
In [29] , D. Sarason defines an analogous operator on K Θ . Suppose Θ is an inner function and ϕ ∈ L 2 ; the truncated Toeplitz operator A Θ ϕ will in general be a densely defined, possibly unbounded, operator on K Θ . Its domain is K Θ ∩ H ∞ , on which it acts by the formula
In particular, K Θ ∩ H ∞ contains all reproducing kernels k Θ λ , λ ∈ D, and their linear combinations, and is therefore dense in K Θ .
We will denote by T (K Θ ) the space of all bounded truncated Toeplitz operators on K Θ .
It follows from [29, Theorem 4.2] that T (K Θ ) is a Banach space in the operator norm.
Using Lemma 2.1 and the fact that ωM ϕ ω = Mφ, it is easy to check the useful formula
We call ϕ a symbol of the operator A Θ ϕ . It is not unique; in [29] , it is shown that A Θ ϕ = 0 if and only if ϕ ∈ ΘH 2 + ΘH 2 . Let us denote S Θ = L 2 ⊖ (ΘH 2 + ΘH 2 ) and P S Θ the corresponding orthogonal projection. Two spaces that contain S Θ up to a subspace of dimension at most 1 admit a direct description, and we will gather their properties in the next two lemmas.
(b) we have
Proof. Since by Lemma 2.1zK Θ =ΘK Θ , we have K Θ ⊕zK Θ = K Θ ⊕ΘK Θ , and therefore
Further, if we denote by 1 the constant function equal to 1, then
Thus (a) is proved.
Since
which proves (b). Note that according to (a), one easily see that
and the second term is bounded in L p , since q Θ belongs to L ∞ . This concludes the proof of (c).
Each truncated Toeplitz operator has a symbol ϕ of the form ϕ = ϕ + + ϕ − with ϕ ± ∈ K Θ ; any other such decomposition corresponds to
In particular, ϕ ± are uniquely determined if we fix (arbitrarily) the value of one of them in a point of D.
Proof. See [29, Section 3] .
The formulas ψ = lim n→∞z n T ψ (z n ) and P − ψ = H ψ (1) allow one to recapture simply the unique symbol of a Toeplitz operator as well as the unique symbol in H 2 − of a Hankel operator. It is interesting to obtain a similar direct formula for the symbol of a truncated Toeplitz operator. Lemma 3.2 says that the symbol is unique if we assume, for instance, that ϕ = ϕ + + ϕ − , with ϕ ± ∈ K Θ and ϕ − (0) = 0. We can then recapture ϕ from the
From the first equation we obtain ϕ
This is a linear system in ϕ + (λ) and ϕ − (λ), whose determinant is 1
therefore, ϕ ± can be made explicit in terms of the products in the right hand side.
Note, however, that A Θ ϕ is completely determined by its action on reproducing kernels, so one should be able to recapture the values of the symbol only from A Θ ϕ k Θ λ . The next proposition shows how one can achieve this goal; moreover, one can also obtain an estimate of the L 2 -norm of the symbol. Namely, for an inner function Θ and any (not necessarily bounded) linear operator T whose domain contains
We will have the occasion to come back to the quantity ρ r in the next section.
To simplify the next statement, denote
Proposition 3.3. Let Θ be an inner function, A Θ ϕ a truncated Toeplitz operator, and µ ∈ D such that Θ(µ) = 0. Suppose ϕ = ϕ + + ϕ − is the unique decomposition of the symbol with
and ϕ + = ω(ψ + ), where
Moreover, there exists a constant C depending only on Θ and µ such that
Proof. First note that for any λ ∈ D, we have
Indeed,
Thus,
One can easily check that
On the other hand,
Hence,
Thus (3.10) follows immediately from (3.12) and (3.13). If we take λ = µ in (3.10), we get (remembering that ϕ − (µ) = 0) (3.14)
Now plugging (3.14) into (3.10) yields
Therefore, applying (S − µ)(I − µS * ) −1 and using ϕ − (µ) = 0 and (3.11), we obtain
Finally, we take the scalar product of both sides with k Θ µ and use the fact that Θ ⊥ K Θ ,
which immediately implies (3.7).
To obtain the boundedness of the L 2 norms, fix now λ ∈ D such that Θ(λ) = Θ(µ).
, where C 1 , as well as the next constants appearing in this proof, depends only on Θ, λ, µ. By (3.15), it follows that
Projecting onto K Θ decreases the norm; since P Θ (ϕ − (λ)Θ) = 0 and
. Finally, (3.8) yields a similar estimate for ψ + and then for ϕ + .
The following proposition yields a relation between truncated Toeplitz operators and usual Hankel operators.
Proposition 3.4. With respect to the decompositions H
The non-zero entry in (3.16) consists in the isometry
There is therefore a close connection between properties of A Θ ϕ and properties of the corresponding product of three Hankel operators. Such products of Hankel operators have been studied for instance in [4, 8, 33] .
Remark 3.5. Truncated Toeplitz operators can be defined also on model spaces of
We start then with a symbol ϕ ∈ (t + i)L 2 (R) (which contains L ∞ (R)) and define (for
Let us briefly explain the relations between the truncated Toeplitz operators corresponding to model spaces on the upper half-plane and those corresponding to model spaces on the unit disk. If Θ = Θ • u −1 and ψ = ϕ • u −1 , using the fact that UP Θ U * = P Θ and
In particular, if A is a linear operator on K Θ , then A is a truncated Toeplitz operator on K Θ if and only if A = U * AU is a truncated Toeplitz operator on K Θ , and ϕ is a symbol for A if and only if ψ := ϕ • u −1 is a symbol for A. It follows that A is bounded (or has a bounded symbol) if and only if A is bounded (respectively, has a bounded symbol).
Moreover we easily deduce from (2.8) that
for every µ ∈ C + and λ = u(µ). Finally, the truncated Toeplitz operator A Θ ϕ = 0 if and only if the symbol ϕ ∈ (t + i) ΘH 2 (C + ) ⊕ ΘH 2 (C + ) (note that the sum is in this case
Existence of bounded symbols and the Reproducing Kernel Thesis
As noted in Section 3, a Toeplitz operator T ϕ has a unique symbol, T ϕ is bounded if and only if this symbol is in L ∞ , and the map ϕ → T ϕ is isometric from L ∞ onto the space of bounded Toeplitz operators on H 2 . The situation is more complicated for Hankel operators: there is no uniqueness of the symbol, while the map ϕ → H ϕ is contractive and onto from L ∞ to the space of bounded Hankel operators (the boundedness condition P − ϕ ∈ BMO is equivalent to the fact that any bounded Hankel operator has a symbol in
In the case of truncated Toeplitz operators, the map One may expect the answer to depend on the function Θ, and indeed we show below that it is the case. Assume that for some inner function Θ, any operator in T (K Θ ) has a bounded symbol. Then if follows from the open mapping theorem that there exists a constant C such that for any
A second natural question that may be asked about truncated Toeplitz operators is the Reproducing Kernel Thesis (RKT). This is related to the quantity ρ r defined in (3. 
As we have seen in the introduction, the RKT is true for various classes of operators related to the truncated Toeplitz operators, and it seems natural to investigate it for this class. We will see in Section 5 that the answer to this question is in general negative.
As we will show below, it is more natural to restate the RKT by including in the hypothesis also the functionsh Θ λ . Thus, for any linear operator T whose domain contains
and ρ(T ) = max{ρ r (T ), ρ d (T )}. The indices r and d in notation ρ r and ρ d stand for "reproducing kernels" and "difference quotients".
Note that if A Θ ϕ is a truncated Toeplitz operator, then by (3.1), we have
* ), and then
In Section 5, we will show that the answer to Questions 1 and 2 may be negative.
Question 3 remains in general open. In Section 6, we will give some examples of spaces K Θ on which the answers to Questions 1 and 3 are positive.
In the rest of this section we will discuss the existence of bounded symbols and the RKT for some simple cases.
First, it is easy to deal with analytic or antianalytic symbols. The next proposition is a straightforward consequence of Bonsall's theorem [7] and the commutant lifting theorem.
The equivalence between (i) and (ii) has already been noticed in [29] . 
On the other hand, ΘH 2 ⊂ ker HΘ ϕ , and therefore, with respect to the decompositions
It follows that A Θ ϕ is bounded if and only if HΘ ϕ is. By Bonsall's Theorem [7] , there exists a universal constant C (independent of ϕ and Θ) such that the boundedness of HΘ ϕ is equivalent to sup λ∈D HΘ ϕ h λ 2 < ∞, and
But, again by (4.1) and using (2.1) and (2.2), we have
and thus sup λ∈D
The proposition is proved.
A similar result is valid for antianalytic symbols. 
More precisely there exists a universal constant C > 0 such that any truncated Toeplitz 
As we have seen, if ϕ is bounded, then obviously the truncated Toeplitz operator A Θ ϕ is bounded. We will see now that one can get a slightly more general result. It involves the so-called Carleson curves associated with an inner function (see for instance [19] ).
Recall that if Θ is an inner function and α ∈ (0, 1), then the system of Carleson curves Γ α associated to Θ and α is the countable union of closed simple and rectifiable curves in clos D such that:
• The interior of curves in Γ α are pairwise disjoint.
• There is a constant η(α) > 0 such that for every z ∈ Γ α ∩ D we have
• Arclength |dz| on Γ α is a Carleson measure, which means that there is a constant
• For every function ϕ ∈ H 1 , we have Proof. Let f, g ∈ K Θ and assume further that f ∈ H ∞ . Then we have
Since g ∈ K Θ , we can write (on T), g(z) =zh(z)Θ(z), with h ∈ K Θ . Therefore
But zf (z)ϕ(z)h(z) ∈ H 1 and using (4.3), we can write
Therefore, according to (4.2), we have
Hence, by the Cauchy-Schwarz inequality and using the fact that |ϕ||dz| is a Carleson measure on Γ α , we have
Finally, we get that A Θ ϕ is bounded. Since ϕ is analytic it follows from Proposition 4.1 that A Θ ϕ has a bounded symbol. is bounded and has a bounded
* is also bounded and has a bounded symbol ϕ 2 . Hence we get that
is bounded and it has a bounded symbol,
Remark 4.5. By the construction of the Carleson curves Γ α associated to an inner function Θ, we know that |dz| is a Carleson measure on Γ α . Therefore, Proposition 4.3 can be applied if ϕ is bounded on Γ α and Corollary 4.4 can be applied if ϕ 1 , ϕ 2 are bounded on Γ α .
Counterexamples
We will show that under certain conditions on the inner function Θ there exist rank one bounded truncated Toeplitz operators that have no bounded symbol. It is proven in [29, Theorem 5.1] that any rank one truncated Toeplitz operator is either of the form k
where ζ ∈ T and Θ has an angular derivative at ζ. In what follows we will use a representation of the symbol of a rank one operator which differs slightly from the one given in [29] .
Proof. If ζ ∈ E(Θ), then by Lemma 2.4, Θ 2 has an angular derivative at ζ, and so k
Take g, h ∈ K Θ , and, moreover, let g ∈ L ∞ . Then
Finally, recall that, for ζ ∈ E(Θ), we havek
The construction of bounded truncated Toeplitz operators that have no bounded symbol is based on the next lemma.
Lemma 5.2. Let Θ be an inner function and 1 < p < ∞. There exists a constant C depending only on Θ and p such that, if ϕ, ψ ∈ L 2 are two symbols for the same truncated Toeplitz operator, with ϕ ∈ K Θ ⊕zK Θ , then
Proof. By hypothesis P S Θ ϕ = P S Θ ψ; therefore, using (3.3),
By Lemma 3.1 we have P S Θ ψ p ≤ C 1 ψ p , while
whence the lemma follows.
If Θ is an inner function and ζ ∈ E(Θ), then, as noted above, k
ζ is a rank one operator in T (K Θ ). In [29] Sarason has asked specifically whether this operator has a bounded symbol. We can now show that in general this question has a negative answer. Theorem 5.3. Suppose that Θ is an inner function which has an angular derivative at ζ ∈ T. Let p ∈ (2, +∞). Then the following are equivalent:
(1) the bounded truncated Toeplitz operator k
ζ is a bounded truncated Toeplitz operator with no bounded symbol.
Proof. A symbol for the operator k
We may then apply Lemma 5.2 and obtain that ϕ ∈ L p . Once again according to Lemma 2.4, we get that k Θ ζ ∈ L p , which proves that (1) implies (2).
To obtain a bounded truncated Toeplitz operator with no bounded symbol, it is sufficient to have a point ζ ∈ T such that (2.5) is true for p = 2 but not for some strictly larger value of p. It is now easy to give concrete examples, as, for instance:
(1) a Blaschke product with zeros a k accumulating to the point 1, and such that
(2) a singular function σ = k c k δ ζ k with k c k < +∞, ζ k → 1, and 
It is easy to see (and had already been noticed in [12] ) that (5.1) is equivalent to the boundedness of the operator A Θ µ defined by the formula
it is shown in [29] that A 
Remark 5.5. We arrive at the same class of counterexamples as in Theorem 5.3 if we follow an idea due to Sarason [29] (we would like to emphasize that our first counterexample was obtained in this way). It is shown in [29, Section 5] that, for an inner function Θ which has an angular derivative at the point ζ ∈ T, the rank one operator k Θ ζ ⊗ k Θ ζ has a bounded symbol if and only if there exists a function h ∈ H 2 such that
Since Re(1 −ζz) −1 = 1/2 a.e. on T, condition (5.3) is, obviously, equivalent to
Then, by the M. Riesz theorem, k Θ ζ + Θh ∈ L p for any p ∈ (2, ∞) and the boundedness of
The next theorem provides a wider class of examples.
Theorem 5.6. Suppose that Θ is an inner function with the property that each bounded operator in T (K Θ ) has a bounded symbol. Then for each p > 2 we have
Proof. As mentioned in the previous section, it follows from the open mapping theorem that there exists a constant C > 0 such that for any operator A ∈ T (K Θ ) one can always find a symbol ψ ∈ L ∞ with ψ ∞ ≤ C A .
Fix λ ∈ D, and consider the rank one operatork
On the other hand, ϕ λ = Θzk
λ by Lemma 5.1. Applying Lemma 5.2, it follows that there exists a constant C 1 > 0 such that
By (2.6) and Lemma 2.4 (b), we have
Therefore (5.5) and (5.6) yield
Since ϕ λ p = k Θ 2 λ p , using once more (2.6) concludes the proof.
It is easy to see that if there exists
Therefore the existence of operators in T (K Θ ) without bounded symbol, under the hypothesis of Theorem 5.3, is also a consequence of Theorem 5.6. Note however that Theorem 5.6
does not show that the particular operator k
ζ is a bounded truncated Toeplitz operator without bounded symbol. A larger class of examples is described below.
Example 5.7. Let Θ be a Blaschke product such that for some sequence of its zeros z n and some points ζ n ∈ T (which are "close to z n "), we have, for some p ∈ (2, ∞), 
for some ζ ∈ T and γ ∈ (0, 1). Then it is not difficult to see that for any p > max(2, (1 − γ) −1 ) one can construct recurrently a subsequence z n = w kn of w k and a sequence ζ n ∈ T with the properties (5.7) and (5.8).
Although related to the examples of Theorem 5.3, this class of examples may be different.
Indeed, it is possible that Θ has no angular derivative at ζ, e.g., if 1 −|z n | = |ζ −z n | 2 . Also, if the zeros tend to ζ "very tangentially", it is possible that k Θ ζ is in L p for any p ∈ (2, ∞), but there exists a bounded truncated Toeplitz operator without a bounded symbol.
We pass now to the Reproducing Kernel Thesis. The next example shows that in general Question 2 has a negative answer.
Example 5.8. Suppose Θ is a singular inner function and s ∈ [0, 1). Then
The first termzk
Θ s λ is inzH 2 , which is orthogonal to K Θ , while the second k
It is easy to see that sup y∈[0,1) y s −y 1−y ≤ 1 − s → 0 when s → 1, and therefore
, so it has norm 1. Thus there is no constant M such that
for all ϕ.
It seems natural to deduce that in the previous example we may actually have a truncated
Toeplitz operator which is uniformly bounded on reproducing kernels but not bounded. This is indeed true, by an abstract argument based on Proposition 3.3. Note that the quantity ρ r introduced in (3.5) is a norm, and ρ r (T ) ≤ T , for every linear operator T whose domain contains
Proposition 5.9. Assume that for any (not necessarily bounded) truncated Toeplitz operator A on K Θ the inequality ρ r (A) < ∞ implies that A is bounded. Then T (K Θ ) is complete with respect to ρ r , and ρ r is equivalent to the operator norm on T (K Θ ).
. Suppose all ϕ n are written as ϕ n = ϕ n,+ + ϕ n,− , with ϕ n,+ , ϕ n,− ∈ K Θ , and ϕ n,− (µ) = 0.
According to (3.9) , the sequences ϕ n,± are Cauchy sequences in K Θ and thus converge to functions ϕ ± ∈ K Θ ; moreover we also have ϕ − (µ) = 0 (because norm convergence in H 2 implies pointwise convergence). Define then ϕ = ϕ + + ϕ − ∈ L 2 . By (3.10), we have This suggests that we should rather consider boundedness of the action of the operator on both the reproducing kernels and the difference quotients, and that the quantity ρ might be a better estimate for the norm of a truncated Toeplitz operator than either ρ r or ρ d . We have been thus lead to formulate Question 3 as a more relevant variant of the RKT; further arguments will appear in the next section.
Positive results
There are essentially two cases in which one can give positive answers to Questions 1 and 3. There are similarities between them: in both one obtains a convenient decomposition of the symbol in three parts: one analytic, one coanalytic, and one that is neither analytic nor coanalytic, but well controlled.
6.1. A general result. As we have seen in Proposition 4.1 and 4.2, the answers to Questions 1 and 3 are positive for classes of truncated Toeplitz operators corresponding to analytic and coanalytic symbols. We complete these propositions with a different boundedness result, which covers certain cases when the symbol is neither analytic nor coanalytic.
The proof is based on an idea of Cohn [14] .
Theorem 6.1. Suppose θ and Θ are two inner functions such that θ 3 divides zΘ and Θ
where we used the fact that
and thus
If Θ divides θ 4 , then |Θ(λ)| ≥ |θ(λ)| 4 , and therefore
It follows that |ϕ 1 (λ)| ≤ 2ρ r (A Θ ϕ ) for all λ ∈ D, and thus ϕ 1 ∞ ≤ 2ρ r (A Θ ϕ ). The proof is finished by noting that ϕ ∞ = ϕ 1 ∞ .
As a consequence, we obtain a general result for the existence of bounded symbols and Reproducing Kernel Thesis. Corollary 6.2. Let Θ be an inner function and assume that there is another inner function θ such that θ 3 divides zΘ and Θ divides θ 4 . Suppose also there are constants C i > 0, i = 1, 2, 3 such that any ϕ ∈ L 2 can be written as ϕ = ϕ 1 + ϕ 2 + ϕ 3 , with:
. Then the following are equivalent: cated Toeplitz operator has a bounded symbol; it is however interesting that there exists a universal estimate of this bound. The question had been raised in [29, Section 7] ; the positive answer had actually been already independently obtained in [6] and [24] . The following result is stronger, giving a universal estimate for the symbols in terms of the action on the reproducing kernels. Proof. Consider a smooth function η k on T, and the convolution (on T)
We have thenφ k (n) =η k (n)φ(n), n ∈ Z.
The map τ t defined by τ t : f (z) → f (e it z) is a unitary on K Θ and straightforward computations show that
and τ th
for every λ ∈ D. By Fubini's Theorem and a change of variables we have
for every f, g ∈ K Θ . That implies that
and using (6.1), we obtain
A similar argument shows that
and thus 
thenη 2 (n) = 0 for n < 0,η 3 (n) = 0 for n > 0,η 1 (n) +η 2 (n) +η 3 (n) = 1 for |n| ≤ N, in [24] .
We can obtain a slightly more general result (in the choice of the function Θ). 
Proof. The mapping U defined by
is unitary on H 2 and one easily checks that UP z N = P Θ U. In particular, it implies that
and Uh
for every λ ∈ D, where c λ := |1 −λα|(1 −λα) −1 is a constant of modulus one.
Suppose A Θ ϕ is a (bounded) truncated Toeplitz operator; if Φ = ϕ • b α , then the relation
Thus, using (6.3), we obtain
which implies that
Now it remains to apply Theorem 6.3 to complete the proof. ). A positive answer to Questions 1 and 3 is a consequence of results obtained by Rochberg [28] and Smith [31] on the Paley-Wiener space. We sketch the proof for completeness, without entering into details. Proof. By Remark 3.5 it is enough to prove the corresponding result for the space K Θ , where Θ(w) = e iw , and ρ is the analogue of ρ for operators on K Θ . If F denotes the
, and we may suppose that the symbol
For a rapidly decreasing function η on R, define
We have thenΨ =ηφ and ρ(A We have (7.1)
It is shown in [11] that, for Θ ∈ (CLS), a positive µ satisfies sup λ∈D h Thus the last remaining implication (1) =⇒ (4) is proved. 
